ABSTRACT This paper explores a coordinated control strategy of the anti-lock braking system (ABS) for in-wheel motors driven electric vehicles to recover more braking energy while satisfying the target of slip ratio control based on a newly varying charge voltage in steps control (VCVISC). The novel VCVISC method is proposed on the existing battery management system to change the charging voltage by choosing the number of batteries in the series to substitute for the converter. The reason that the conventional linear quadratic Gaussian (LQG) control employed in ABS control does not function is examined by theoretical derivation, and an improved LQG scheme is presented to calculate the real-time required braking torque by adding virtual damping and infinitely small terms in the Riccati equation. A distributing strategy of braking torque is presented to maximize the energy recovery, which is realized by using the VCVISC method to regulate the regenerative braking torque in real time. Simulation results under different braking road scenarios demonstrate that the proposed ABS control strategy can achieve not only an outstanding response for tracking ideal slip ratio, but also an efficient braking energy recovery efficiency.
I. INTRODUCTION
For urban in-wheel motors (IWMs) driven electric vehicles, complex traffic environment, especially in the morning and evening peak period, leads to frequent maneuvers of start and stop [1] . Therefore, urban IWMs driven electric vehicles have great potentialities to recover braking energy and an urgently demand to improve braking safety.
In the aspect of energy saving, braking energy recovery technology can be seen as a major advantage to recover the vehicle's kinetic energy significantly [2] , [3] . However, its application is still limited by some constrains, such as motor characteristics and battery capability. Hence, the regenerative braking torque might not be always large enough to satisfy the braking demands [4] . Taking advantages of both hydraulic braking system in high power density and regenerative braking system in energy recovery and short response interval, the coordinated regenerative-hydraulic braking system becomes one of the most popular choices to make a tradeoff between the energy saving and braking performances [5] .
Moreover, coordinated control strategy of anti-lock braking system (ABS) has been developed and gained increasing interests in IWMs driven electric vehicles because it has a great potential to guarantee the safety of electric vehicle and improve energy recovery efficiency under emergency braking situations [6] , [7] . For ABS of electric vehicle, there are three important topics, namely regenerative braking system design, accurate tracking of ideal slip ratio, and distribution of braking torques, which are worthwhile researching.
To promote the popularity of electric vehicles, it is necessary to reduce the use and manufacture costs of regenerative braking system. Currently, the hysteresis current control technology is widely implemented in converter to control the energy exchange for the integrated battery pack with a constant voltage [8] - [10] . An ultra-capacitor is used in hybrid energy storage system through the connection of a 3 level DC/DC converter to reduce the electric constrains on the battery [8] . To keep the output voltage constant under input voltage variations with fast response, a robust control is proposed for electric vehicle to regulate a boost converter capacitor output voltage [9] . A parallel-connected modular current-fed bidirectional DC/DC converter based on optimized feedforward control is researched for electrical drive powered by battery [10] . However, under this current control mode, a complex power control circuit with high-frequency switches is essential, which produces additional conduction losses and increases the cost of control system. Meanwhile, in battery pack, the battery management system (BMS) is used to monitor SOC and adjust the real-time status of single battery. Predictably, the further development of BMS is beneficial to improve the efficiency of braking energy recovery [11] , [12] .
Moreover, many control technologies have been used to track ideal slip ratio, such as logic threshold control [13] , [14] ; fuzzy logical control [15] , [16] ; proportionalintegral-derivative (PID) control [17] ; sliding mode (SM) control [18] - [20] ; and so on. In [13] , a logic threshold control strategy is researched to adjust the braking torque. In [18] , an adaptive fuzzy fractional order sliding mode control is proposed to deal with uncertainties and enhance the robustness. A piezoactuator system is used in braking control associated with the sliding mode slip rate controller in [19] . Each control method has made positive contributions to the solutions of especial objectives. However, each one also has its disadvantages. For example, logic threshold control mainly relies on a large number of experiments to get the threshold value. The effect of fuzzy logic control is better than that of logic threshold control. But it is difficult to establish the rule database. SM control is known to achieve an outstanding robustness against external disturbances and unpredictable parameters. However, it is hardly possible to reach the real-time optimal performance. Therefore, the ABS control urgently needs to find a simple control method for tracking ideal slip ratio. Among all the available methodologies, the Linear Quadratic Gaussian (LQG) control method is well known for its ability to achieve optimal performances according to the expected index for control system [21] , [22] . However, the conventional LQG control method cannot be used to control ABS because it does not be satisfied for working conditions of the traditional optimal control. Detailed reasons are synthetically analyzed in Section 4.
To address the above-mentioned problems, hence, there is a demand to research the topic in both braking performance improvement with energy recovery maximization for ABS and reducing of use and manufacture costs for regenerative braking system. The demand motivates us to develop a novel VCVISC method based on the existing BMS and the corresponding improved LQG strategy for ABS control to recover more braking energy during the braking maneuver and reduce the manufacture cost of electric vehicle. The improved LQG scheme consists of a Kalman estimator and an improved LQG controller to track ideal slip ratio. The main contributions of the present study are summarized as follows: 1) The proposed VCVISC method used in BMS substitutes the converter, which allows the batteries to be dynamically rewired in various configurations, generating a wide range of charging voltage levels in the step of actual single battery voltage; 2); the improved LQG controller overcomes the weakness of conventional LQG control method, which is employed in ABS control strategy by adding some virtual damping and infinitely small terms.
The paper is organized as follows: In section 2, the VCVISC method is given and vehicle dynamics models are established. The ABS control strategy is introduced in section 3. Section 4 describes the reason in detail that the conventional LQG control method cannot employ in ABS control, and an improved LQG controller is systematically designed. In Section 5, the distribution strategy of braking torque is presented based on the VCVISC method. The effectiveness of the proposed ABS control strategy is demonstrated by the software of Matlab/Simulink in section 6. Finally, the conclusions are listed in section 7.
II. DYNAMIC MODELS A. MODELING OF REGENERATIVE BRAKING SYSTEM UNDER VCVISC
The permanent magnet synchronous machine (PMSM) type of motor is being chosen as IWMs in this research for its high efficiency and power density, fast torque response, and wide speed range.
In IWMs driven electric vehicles, a battery management system (BMS) is a must to monitor, control and balance each cell in the whole battery pack. If the structure is fixed, the battery pack cannot be charged when its voltage is larger than the back electromotive force. This configuration will decrease the energy regenerative efficiency. To improve the energy regenerative efficiency, based on the existing BMS, a novel varying charge voltage in steps (VCVIS) control method is newly proposed to control the regenerative actuator without the converter. The structure of regenerative braking system based on VCVISC method is shown in Figure 1 .
In Figure 1 , L-M is the phase inductance; R is the phase resistance; and u 0 is the voltage of a single battery. The battery pack is indirectly connected to the PMSM via a bridge rectifier. And the number of the paralleled pole pairs of stator phases equals to 2. Figure 1 indicates that the number of charging batteries, η, can be determined from the different switch state combinations. For example, if switches S 2 and S 3 are closed with the others opened, then η = 0, and the charging voltage is zero; if switches S 1 and S 2 are closed with the others opened, then η = 1; if switches S 1 and S 4 are closed with the others opened, then η = 2; and so on. As η varies, the IWMs can be controlled with a minimum charging voltage with step of u 0 = 2V, and the PMSM provides a regenerative braking torque in steps.
The application of VCVISC method may slightly cause the remaining power unbalance of single battery. However, one of the important functions of BMS is to monitor SOC and balanced charge of single battery, so that each battery in the pack reaches a balanced and consistent state through the regulation control of BMS at an appropriate moment.
The characteristics of PMSM in Figure 1 can be described in (1) (2) (3) .
Where subscripts of a, b and c are the three phases respectively; e a , e b and e c are the three phase back EMFs, respectively; i a , i b and i c are the three phase currents, respectively; θ m is the rotor angular velocity; and T r stands for the regenerative braking torque.
B. VEHICLE LONGITUDINAL DYNAMICS MODEL
A single wheel dynamic model is built considering the air resistance, as shown in Figure 2 . It is used to verify the braking performances of ABS control strategy through model simulation.
The dynamic behavior of the above single wheel dynamic model can be expressed as follows [23] - [25] :
Where δ represents the revolving mass coefficient; M v denotes the vehicle mass; v indicates the vehicle velocity; I is wheel rotational inertia;θ stands for the wheel angular acceleration; r denotes the wheel radius; T f is the rolling resistance torque; F x , F w , and F f stand for the longitudinal friction force, air resistance, and rolling resistance, respectively; C D is the coefficient of air resistance; A denotes the windward area of vehicle; ρ a is the density of air; f is the rolling resistance coefficient, ψ b denotes the braking force coefficient, which is related to the value of road adhesion coefficient µ(λ) and actual slip ratio of wheel λ; and T b indicates the total braking torque of coordinated braking system, which is described as:
Where T h stands for the hydraulic braking torque. If the state vector is defined as X = θ vθ T , the above single wheel dynamic model can be converted into an ideal linear state equation and expressed as follows:
Besides regenerative braking system, most IWMs driven electric vehicle also equip a conventional hydraulic braking system to ensure appropriate braking performance. A general structure of hydraulic braking system described briefly in Figure 3 . Two solenoid valves are applied in this hydraulic braking system, namely, an inlet valve and an outlet valve. The inlet valve is installed between master cylinder and wheel cylinder to realize the pressure increasing function, and the outlet valve is installed between reflux pump and wheel cylinder to realize the pressure decreasing function. The dynamic mathematical model of hydraulic braking system can be expressed as follows [26] :
Where p m , p w , and p r stand for the brake fluid pressure in master cylinder, wheel cylinder, and brake fluid chamber, respectively; τ vp and τ vp are the time lags in the pressure increase and decrease processes, respectively. u 1 and u 2 are the control signal of solenoid valves, which have the following relations:
Because of the time lag produced by the implementation of pressure regulating signal, the change process of pressure is always equivalent to a first order inertial element [16] :
Where T h (s) and P w (s) are the Laplace transform of braking torque and wheel cylinder pressure, respectively; τ is a constant, which is determined by the essential characteristics of hydraulic braking system, and K b is the torque gain constant.
III. STRATEGY OF ABS CONTROL AND UNCERTAINTY ESTIMATION A. ABS CONTROL STRATEGY
In order to obtain not only outstanding braking performances but also maximum charge power of battery pack, the work principle of ABS control is described in Figure 4 . The control core component of ABS consists of two key steps as follows: (1) Implementation of the improved LQG scheme to calculate the real-time braking torque. The Kalman estimator is based on a state equation with the wheel angular velocity as input and the estimate of state as output. An improved LQG controller is designed to track ideal slip ratio of IWMs driven electric vehicle. (2) Distributing of braking torque to achieve the maximum energy recovery target via the proposed VCVISC method.
The design of Kalman estimator and improved LQG controller are described in subsections 3.2 and 4.2, respectively. The braking torque distribution strategy is shown in section 5.
B. KALMAN ESTIMATOR DESIGN
Because the actual vehicle velocity is not easy to be measured but the wheel angular velocity, it is worth constructing an output-feedback estimator to estimate the optimal state. In the following, a Kalman estimator is designed to provide the estimate of state X for the vehicle longitudinal dynamics model shown in Figure 2 . The Kalman estimator works by measuring the sign of wheel angular velocity and the output of the control system is expressed as follows:
The Kalman estimator is written as follows:
Here,X is the estimate of X, P k is the unique solution of the Riccati equation, which is written as
Where ω is the road input under a nominal braking condition and ξ is the measurement noise.
IV. IMPROVED LQG CONTROL SCHEME A. DISADVANTAGES OF CONVENTIONAL LQG CONTROL METHOD
It is general to evaluate the braking performance of ABS through the wheel slip ratio, which is defined as:
Due to the braking force coefficient for different road conditions are maximized near λ = 0.2, in this research, the ideal slip ratio is set to 0.2. The corresponding braking performance evaluating index J is adopted to reflect the control target, which is generally expressed as
Where t is the running time, and T is the total working time of ABS. In (15) (16) , it is easy to find that, if the actual value of slip ratio almost equals 0.2, the braking performance index J is very close to 0. Thus, the smaller J is, the better the braking performance of ABS control strategy.
J can be expressed in the following standard form According to the conventional LQG control method, control vector can be calculated in the following equations
Where S is the unique solution of the matrix Riccati equation below.
However, the application of traditional optimal control theory needs to meet some certain working conditions:
(1) The state matrix A should be controlled by the control matrix B. If there is no corresponding control parameters in each line of the state matrix A, it is necessary to ensure that state matrix is a minimum phase system (with positive stiffness or damping characteristics);
(2) The state vector weighting matrix Q should have symmetric nonnegative definite characteristics; (3) The control vector weighting matrix R should meet the design requirement of det(R) > 0.
There are three working conditions which have to be satisfied for solving the Riccati equation. If anyone is not satisfied, controller design based on the traditional optimal control theory is not implemented.
From (6) and (19) , it is easy to find out that, based on a single wheel dynamic model, all of three working conditions cannot be satisfied in the control process. Therefore, the control vector U cannot be calculated by the conventional LQG control method for coordinated braking system to track ideal slip ratio.
B. IMPROVED LQG CONTROLLER
In order to solve above-mentioned problems in section 4.1, an improved LQG controller aimed to track slip ratio at a desired level is developed in this subsection.
The core idea of the proposed improved LQG controller is adding virtual damping and infinitely small terms in the design process of Riccati equation, which is useful to satisfy these three working conditions of traditional optimal control theory. Specific design steps are written as follows:
Firstly, two virtual damping terms associated with vehicle velocity and wheel angular velocity, are added in (4), the improved dynamic equations are rewritten as follows:
The substituting of (21) into (6) generates a new state equation with two virtual damping terms, which is expressed as follows:Ẋ = A 1 X + BU + GW (22)
By the method of constructing virtual damping terms in the dynamic equation, the state matrix A 1 can be seen as a minimum phase system with positive damping characteristics, which can be controlled by the control matrix B.
Secondly, in order to meet working requirements of traditional optimal control theory, the determinant of the control vector weighting matrix R should be larger than zero. Therefore, two infinitely small quantity, δ Tb Tb 2 and δ θ θ 2 , are added into the improved braking performance evaluating index J 1 , which is expressed as
The substituting of (23) into (17) generates
When δ Tb Tb 2 and δ θ θ 2 are both infinitesimals, J 1 is approximately equal to J .
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Then, the Riccati equation should be rebuilt to calculate the ideal control vector
Finally, the actual output control signal for the improved LQG controller should be limited by a value range. It is calculated through the estimated road adhesion coefficientμ(λ), which is obtained as follows:
By neglecting the effect of coordinated braking actuator, the ideal average brake torque T bi can be calculated through the software of Matlab/Simulink. The relationship between µ(λ) and T bi can be estimated by the method of polynomial fitting. In general, a high order polynomial can be used to obtain a more accurate numerical simulation results in this research. However, in order to consider the balance between the computational complexity and implementation accuracy, the order is set as two and the polynomial is written as:
Where K presents the constant fitting coefficient; K 1 is the first order fitting coefficient; and K 2 stands for the second order fitting coefficient.
The value range of actual braking torque control signal for coordinated braking system should be limited as follows:
Once the method stated above is taken, it is available for the improved LQG controller to track the ideal slip ratio and adjust the braking torque to guarantee the braking performance for IWMs driven electric vehicle.
V. BRAKING TORQYE DISTRIBUTION
A suitable braking torque distribution strategy based on VCVISC method is proposed in this section to achieve the maximum energy recovery power of battery pack through calculating ideal real-time charge voltage.
A. ENERGY FLOW ANALYSIS
In order to recycle braking energy as much as possible, firstly, the energy flow of the regenerative braking system should be analyzed.
According to Figure 1 , the equivalent circuit of the PMSM can be shown in Figure 5 .
The in-wheel motor back electromagnetic force E and regenerative braking torque T r are proportional to the motor angular velocityθ m and total current i, respectively; and the equations of regenerative braking system are expressed as follows [27] :
Where L e − M e and R e are the motor equivalent inductance and resistance, respectively; k e and k t indicate the motor electromagnetic force constant and thrust constant, respectively.
Usually, (L e − M e )di/dt can be neglected in steady state, the (31) is simplified as follows:
The input power of battery pack can be represented as:
Thus, one can obtain the following based on multiplying both sides of (32) with ηu b :
When ηu b = 0.5k eθm , the maximum value of input power of battery pack P max can be obtained as:
Subjecting to the limitation of fixed voltage of single battery, the real-time number of charging batteries with maximum energy recovery power is calculated as:
Where ceil(·) is the function of nearest integers towards infinity.
The regenerative braking torque with maximal input power of battery pack is written as follows by substituting (36) into (32).
One of the fundamental functions of ABS strategy is to calculate the real-time value of T r_max , which is regarded as a determining factor for the distribution strategy of braking torque. 
B. DISTRIBUTION STRATEGY
The work principle of braking torque distribution strategy is shown in Figure 6 . Figure 6 shows that, once the ABS starts, the regenerative braking torque with maximal input power of battery pack T r_max is supervised by the ECU of ABS, and the ideal regenerative braking torque T r_ideal is calculated by the improved LQG controller. If the value of T b_ideal is bigger than that of T r_max , the required braking torque consists of the regenerative braking torque with maximal input power of battery pack, as given in (37), and the hydraulic braking torque is used to compensate the difference between total required braking torque and regenerative braking torque. Otherwise, if T b_ideal ≤ T r_ max , the demand braking torque is fully provided by regenerative braking system, and the real-time number of charging batteries is calculated as follows:
VI. SIMULATION RESULTS
A dynamic simulation test system based on the software of Matlab/Simulink is carried out so as to evaluate the ABS control strategy. The sample time, in the simulation process, is set as 0.01s. The initial vehicle velocity v 0 is set as 120km/h, and all the parameters of vehicle used in this study are listed in Table 1 .
Moreover, in order to reduce the effects of virtual damping and infinitely small terms for calculating the ideal braking torque of ABS, the absolute values of virtual damping and infinitely small terms should be set as small as possible. To consider the balance between the computational complexity and implementation accuracy, in this simulation, c v and cθ are set as 10×10 −6 , as well as δ T b and δ θ are set as 10×10 −10 .
The effect of anti-lock braking control is mainly evaluated through measuring the error between the actual slip ratio and the ideal slip ratio. The mean square slip ratio error is defined as:
Where λ i is the ideal slip ratio. This section contains three parts: 1) effectiveness test of Kalman estimator; 2) verification of emergency braking performance; 3) analysis of energy regeneration performance. The detailed results and discussions are given as follows.
A. DISTRIBUTION STRATEGY THE EFFECTIVENESS TEST OF KALMAN ESTIMATOR
In this subsection, the accuracy of the Kalman estimator is evaluated by checking comparisons of braking torquetime and slip ratio-time curves in an ideal control condition without the effect of coordinated braking actuator. The high adhesion ground condition is used to calculate the working relative error between the improved LQG-ideal controller and the proposed improved LQG-Kalman controller. The high road friction coefficient is set as 0.8. Figure 7 shows the braking torque -time curves of the improved LQG-Kalman controller and the ideal one under high adhesion ground condition. The slip ratio -time curves is also depicted in Figure 8 .
From Figures 7-8 , it can be seen that the braking torque -time and slip ratio -time curves between two methods are very close, and both controllers are useful to track the ideal slip ratio 0.2 without the effect of coordinated braking system. Furthermore, it shows that the relative error of slip ratio of the two controllers is only within 0.6% in the interval ranging from 0-3.5s in Figure 8 . As a result, the proposed Kalman estimator effectively provides an accurate estimate of state for the improved LQG controller developed in subsection 3.2.
B. BRAKING PERFORMANCE COMPARISON
Here, the effectiveness of the proposed improved LQG controller is compared with that of the general SM controller. The design method of the SM controller for the ABS is introduced in [28] . Comparisons are conducted under constant and varying adhesion ground conditions, respectively. Generally, dry asphalt road has a high road friction coefficient, approximately 0.8; and frozen asphalt road has a smaller road friction coefficient than the dry one, approximately 0.2. Then, local wet asphalt road condition has a varying road friction coefficient. The fluctuation range is set to move from 0.5 to 0.8. µ(λ)-t curve under the varying adhesion ground condition is shown in Figure 9 .
In this subsection, the effect of coordinated braking system is considered to evaluate braking performances. Due to the time lag produced by the implementation of pressure regulating signal in (9), some oscillations can be seen in the simulation results of both controllers. Moreover, an ABS exit mechanism is set in the end of braking process, namely, when the vehicle velocity is lower than 15km/h, the ABS stops working at this point and the vehicle performs a deceleration command by the driver without the ABS control. In the following figures, high road friction coefficient is abbreviated as High, low road friction coefficient is abbreviated as Low, and varying road friction coefficient is abbreviated as Varying, as well as hydraulic braking system and regenerative braking system are abbreviated as HBS and RBS, respectively.
The T b -t curve comparisons between the proposed improved LQG controller and the SM controller under various scenarios of road friction coefficient are illustrated in Figures 10, 11 and 12, respectively.
Figures 10, 11 and 12 show that, under the both constant and varying road friction coefficients, the fluctuation range of braking torque calculated by the proposed improved LQG controller is smaller than that calculated by SM controller, especially in the conditions of high and varying road friction coefficients. Moreover, the calculated value of braking torque is positively correlated with the road friction adhesion coefficient. Therefore, the braking torque obtained under the condition of high road friction coefficient is larger than that of other two road conditions.
The comparison results of the wheel slip ratio under high, low, and varying road friction coefficients are depicted in Figures 13, 14 and 15 , respectively. And the mean square slip ratio errors of improved LQG controller and the SM controller are listed in Table 2 . Figure 13 , 14, 15 and Table 2 suggest that, the improved LQG controller and the SM controller can both effectively track the ideal slip ratio. However, in comparison with the SM controller, the improved LQG controller has a better control effect, whose e λ is reduced 62.62%, 60.12% and 75.12% than the general SM controller in high, low, and varying road friction coefficients, respectively. Moreover, after exiting ABS control on these three road conditions, it can be seen that the actual slip ratio of electric wheel rises to 1 in a short interval.
The v-t curve comparisons between the proposed improved LQG controller and the SM one under the high, low and varying road friction coefficients are illustrated in Figures 16, 17 and 18 , respectively.
According to Figures 16, 17 and 18 , it can be seen that wheels controlled by improved LQG and SM controllers, respectively, are never locked during the whole braking process. Moreover, the wheel velocity fluctuation by improved LQG controller is smaller than that by SM controller, which means the proposed improved LQG scheme can more effectively improve the safety of electric vehicle under emergency braking situations. 
C. ENERGY REGENERATION PERFORMANCE ANALYSIS
During the emergency braking maneuver, the kinetic energy stored in electric vehicle mass W all is translated into three components: one is the energy flowing into the battery 
The u ba -t curves under constant and varying adhesion ground conditions are shown in Figure 19 , while the W-t curves are shown in Figure 20 . Where u ba indicates the actual charging voltage and W stands for the energy. The analysis of regenerative energy recovery, under high, low, and varying adhesion ground conditions, are listed in Table 3 .
It is observed from Figure 19 , as the actual electric vehicle velocity decreases, the real-time u ba decreases with step of 2V. This result can be explained using (32) and (36), which suggests that the design of VCVISC method applied in BMS, is reasonable. Figure 20 and Table 3 show that the total energy involved in the braking action is 1.667 × 10 5 J, and the energy recovery efficiency accounts for 5.11%, 20.06%, and 6.19% of W b under high, low, and varying friction coefficient road surfaces, respectively, which means that energy recovery efficiency varying from 5.11% for high friction road surface to 20.06% for low friction road surface due to the benefit of VIVISC method.
VII. CONCLUSION
So as to recover more braking energy while satisfying the braking performances under urgency braking situations, a coordinated control strategy of ABS for IWMs driven electric vehicle is presented. A novel VCVISC method is applied with existing BMS to obtain the maximum charge power by adjusting the charging batteries. Moreover, an improved LQG method is developed to overcome the drawback of the general LQG method through adding some virtual damping and infinitely small terms in the state equation and braking performance index. The simulation results show that, with a maximization of the energy recovery under high, low, and varying adhesive coefficient road conditions, compared with the mean square slip ratio error with the SM controller, that with the improved LQG controller decreases by 62.62%, 60.12% and 75.12% respectively. Therefore, the proposed ABS control strategy can not only maintain the slip ratio at the desired level, but also obtain superior energy recovery efficiency.
